Introduction
Academics and practitioners alike now recognize that standard discounted cash flow (DCF) techniques when applied improperly often undervalue projects with real operating options and other strategic interactions.
In practice, many corporate managers overrule passive net present value (NPV) analysis and use intuition and executive judgment to value future managerial flexibility. valuing offshore petroleum leases. Majd and Pindyck (1987) value the option to delay sequential construction (time to build). The option to temporarily shut down operations has been analyzed by McDonald and Siegel (1985) , and by Brennan and Schwartz (1985) . Myers and Majd (1990) analyze the option to abandon for salvage value. Stulz (1982) values options on the maximum (and minimum) of risky assets, which may be useful in analyzing the option to switch between alternative uses. Baldwin and Ruback (1986) show that future asset price uncertainty creates a valuable switching option that benefits short-lived assets. 2A notable exception is Brennan and Schwartz (1985) who utilize the convenience yield derived from futures and spot prices of a commodity to determine the combined value of the options to tem? porarily shut down (and open) a mine, and to abandon it for salvage, but do not address the interactions among individual option values. b) permanently abandon construction, with no recovery, by foregoing sub? sequent planned investment outlays; c) contract the scale of the project by reducing planned investment outlays; d) expand the project's scale by making an additional investment outlay; e) switch the investment from the current to its best alternative use, here modeled as a specified salvage value. The above generic investment with its collection of real options is summarized in Figure 1 . This project could describe many practical situations. For example, a large company engaged in the exploitation of natural resources could be offered the opportunity to purchase a lease on undeveloped land with potential mineral resources. The lease, expiring in T\ years, would give management the right to start the project within that period by making an investment outlay, I\, for construction of roads and other infrastructure. This would be followed by a second outlay of I2 for excavation, and a third outlay of I3 for the construction of a processing plant. Reducing this outlay to I'3 would result in a opercent contraction in the operation scale of this plant. If the mineral is later found to enjoy a stronger demand than initially expected, the rate of production could be enhanced by x percent by expanding the processing plant at a cost of I4. The model specification and assumptions used in the option valuation of the above project are described next.
The real options literature to date has tended to focus on valuing individ? ual options (i.e., one type of operating option at a time).2 However

C. Model Specification and Assumptions
The valuation of operating options in this paper is based on the log-transformed version of binomial numerical analysis described in Trigeorgis (1991b).5 Follow? ing standard practice in the real options literature, the gross project value (Vt) is assumed to follow a standard diffusion Wiener process given by6 First, the mere presence of subsequent options increases the value of the effective underlying asset for earlier options. In essence, prior real options have as their underlying asset the whole portfolio of gross project value plus the then value of any future options. At an extreme, the inseparability of real options from their underlying asset allows also the possibility that exercise of a prior put option on the asset, such as the option to abandon early, may eliminate or "kill" that asset. Due to the real asset's uniqueness and unavailability of other identical assets, this may preclude exercising future options on it (e.g., later to contract the project or switch between uses).
More generally, however, exercise of a prior real option may alter the un?
derlying asset itself and, hence, the value of subsequent options on it, causing a second-order interaction. For example, the option to contract would decrease, while the option to expand would increase the project scale, affecting the value of other options on it. Further, the (conditional) probability of exercising a latter option, in the presence of an earlier option, would be higher or lower than the (marginal) probability of its exercise as a separate option, depending on whether the prior option is of the same or of opposite type, respectively. First, recall that the value of a prior option would be altered if followed by a subsequent option because it would effectively be written on a higher underlying asset, V (equal to the gross project value, V, plus the then expected value of the subsequent option). Specifically, in terms of sign, if the first option is a put, its value would be lower (giving a negative interaction), and if a call, higher (exhibiting a positive interaction), relative to its value as a separate option. (The magnitude of alteration in the prior option's value or the degree of its interaction would be larger the greater the joint probability of exercising both options, P, which depends on the similarity of the options involved.)
Second, the effective underlying asset for the latter option may be lower conditional on prior exercise of an earlier put option (e.g., to contract project scale), VN', than if the prior option were not exercised (i.e., maintaining project value, V). This may lead to a double negative effect if the prior option is a put.8 If, 8This result holds unambiguously in the case of a subsequent call. If the latter option is also a put, the second effect would still be negative if exercise of the prior put reduces proportionately the scale of instead, the prior option were a call (e.g., to expand project scale), the interaction can be positive, with the incremental value of both the prior and the latter option possibly being greater than their separate values.9 In either situation, the degree of interaction between the two options would again be directly proportional to the probability of joint exercise.
If the two options are of opposite type (e.g., a pair of a put and a call) so that they are optimally exercisable under opposite (negatively correlated) circumstances, then the conditional probability of exercising the latter option given prior exercise of the former would be small?smaller than the marginal probability of exercising the latter option alone. The degree of interaction would then also be small and the options approximately additive. If the two options are of the same type (either a pair of puts or a pair of calls), then the conditional probability of exercise would be higher, and so would be the magnitude of interaction (deviation from option value additivity). Again, the sign ofthe interaction would depend on whether the prior option is a put (negative) or a call (positive).
One the latter put. However, in cases where the exercise price of the latter put is not reduced in proportion to project value, the second effect may be positive, although the net overall interaction may still be negative. 9If exercising the prior call (e.g., in a compound call option) could expand the underlying asset or project scale (i.e., V" > V), a subsequent option on that higher asset may be more valuable and interactions can be positive.
The option to defer a project?a call whose exercise does not alter the "underlying asset" for subsequent options?is more complex. First, as the cash flows and future options are pushed back allowing more time for crucial variables to change, the increased variability may make subsequent options somewhat more valuable. However, if project initiation is delayed, for example, because the project is not yet good enough, a subsequent call option to expand may be less valuable and exhibit a negative interaction, though mitigated by the above positive side effect. More important, since the option to defer is written on the portfolio of gross project value plus the value of subsequent options, it would, at first glance, appear to be more valuable, other factors being the same. At the same time, however, the presence of subsequent options may enable management to adjust better to changing circumstances, increasing the value of early investment compared with a similar situation without such flexibility. Thus, the incremental value of the option to wait would tend to decrease, relative to immediate investment. This effect typically would dominate and lead to negative overall interactions between the flexibility to defer and other subsequent real options.
10Ironically, it is a better approximation to add up their separate values, other factors being the same, when the options are small (out of the money). To turn this around, it is least appropriate simply to add up separate option values precisely when they are most needed, that is, when they are most valuable (in the money). Figure 2A is similar, except that there is a separation in the exercise times of the two opposite-type, out-of-the-money (European) options, with the put maturing at an earlier time. Although there is again a high positive marginal probability that the put option will be exercised at time t\ or that the call option may later be independently exercised at time t2, the conditional probability of exercising the latter call option, given a prior exercise of the first put (Pl\f), is nevertheless small (> 0)?smaller than the marginal probability of exercising the latter option alone, />/,. For the put option to be optimally exer? cised at t\, the state variable (the log of asset value) must drop below the "exercise boundary" into the "exercise region" ( If the prior option were also a put instead of a call, as shown in Figure 2B , the separate option values would be far from additive. As the options would then be of similar type, in this case both puts, their exercise regions would overlap significantly and the conditional probability of exercising one put, given earlier exercise of the other (as indicated by the increased double-shaded area A'C), would be high (< 1). Because exercise of the prior put (e.g., to contract) would reduce the project's scale and value and, hence, the other put option's (e.g., to switch between uses) with high probability, P, the expected incremental value of the latter option would be smaller. As noted, the prior put's value may also be somewhat smaller? a double negative effect?than if evaluated separately, because it is written on the project's portfolio with the future put, even though the latter may be reduced by the first-order interaction. Similarly, interactions would again be high, thoughpositive, if the similar-type options were both calls (e.g., to expand the project at two distinct times) instead of puts. Of course, interactions can get more complicated if more than two options are considered.
The situation depicted in
For example, if the pair of European calls (a 11
The options would still be approximately additive, though less so, if one of the two European options (e.g., the put) were replaced with its American counterpart, extending the possible exercise times on the same side relative to the other European option's maturity. But, the conditional probability of joint exercise, here proxied by a double-shaded trapezoidal area, and, hence, the degree of interaction would be somewhat higher. If the American put option (e.g., to switch use) extends its potential exercise times both before and after the other (European call) option's maturity, a hybrid situation is possible. That is, negative interaction in the first part (where part of the put precedes the call) and positive in the latter part (where the call precedes part of the put). Both interactions would have small magnitude and partially cancel each other out, leading to better additive approximation. compound European call)?or, by extension, an American call?were preceded by another put option, (potentially dominating) negative interactions could arise between the positively interacting pair and the prior put. As a final observation, it is possible that exercising a prior real put option (e.g., to abandon the project by simply foregoing an upcoming investment outlay) may "kill" other future options. In the special but extreme case that the exercise regions of two put options overlap fully and the first option can kill the latter one with certainty (with PL\F = 1), the expected incremental value ofthe latter option would be negligible. The combined value would then simply be the full separate value ofthe first option (essentially written only on the base-scale project, because the latter option is valueless). More generally, however, if the latter option?for example, being instead a call with nonoverlapping exercise boundaries similar to the situation in Figure 2A? were not completely within the "shooting range" of the prior killing put so that the conditional probability is less than 1, it would not be completely "dead"; it would still retain some value as long as there were some chance it could be exercised without prior exercise of the first killing put (i.e.,
PL\F > 0).
Alternatively, if the condition for optimally exercising the one put (e.g., to abandon) also simultaneously satisfies, or is a subset of, the condition for optimally exercising the other (e.g., switching between uses), the combined value ofthe two options would then simply be the higher ofthe two separate values, an extreme case of full negative interaction. Such may also be the case when the separation between the exercise times of two similar-type options is negligible.
More generally, the nature of interaction and, hence, the extent to which the values of two separate options may or may not approximately add up can be summarized as follows. There is no (small) interaction and, hence, the separate option values would be (approximately) additive (i.e., option value additivity holds), if the conditional probability of exercising both options before maturity is zero (small).12 Con?
versely, the interaction would be highest (high), making it most inappropriate to add up the separate option values, if it is certain (likely) both options will be exer? cised jointly (or the conditional probability of a joint exercise, Pl\f> is 1 (high)). The interaction would typically be positive if the prior option is a call and negative if a put. In the latter case (as when the separation between two similar-type options is negligible), the combined option value may be only (somewhat higher than) the higher ofthe separate individual values, that is, the incremental value ofthe lesser option may be negligible (small). Supportive numerical results based on the fairly rich generic project example described earlier in Section II are presented next.
IV. Presentation and Discussion of Results
This section presents the numerical valuation results for the generic project's multiple real options, first in isolation (i.e., one option at a time) and later in combination.
12In the continuous-time analogue, of course, the conditional probability is not precisely zero. Option value additivity would still approximately hold, however, if it is small enough.
A. The Value of Separate Options
The option to defer alone is basically valued as an American call option on the project, with an exercise price equal to the necessary investment outlays. As shown in Table 1 The option to switch use is valued as an American put on the project, with an exercise price equal to the value in its best alternative use, here assumed to be its salvage value. As shown in Table 1 , its value in isolation is 40 percent of V.
B. The Value of Option Combinations with Interactions
As explained in the previous section, the value of an option in the presence of others may differ from its value in isolation. The presence of subsequent options increases the effective underlying asset for prior options. Moreover, exercise of a prior real option (e.g., expanding or contracting a project) may alter the underlying asset and value of subsequent options on it. The valuation results for the generic project, when particular real options are valued in the presence of others, illustrate option configurations where interactions can be small or large, as well as negative or positive. Table 1 Interaction vs. Separation
The degree of (negative) interaction between the opposite-type options to abandon {A) and to later expand (?), i.e., the difference between the combined option value (/A&E) and the sum of separate values {A + E), increases with the separation of exercise times. 
